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INTRODUCTION 
The present paper deals with separately continuous and continuous 
topological algebra representations of topological groups, i.e., with separately 
continuous and continuous actions of topological groups on topological 
algebras. 
Thus, Section 1 aims at giving conditions ensuring the (joint) continuity of 
a separately continuous algebra representation of a topological group, as 
[ 2,4] do for a separately continuous linear representation of a topological 
group (cf. [4,0.2, Chap. VIII, Sect. 2, No. 2, Proposition 1, p. 1301; [2,4, 5, 
p. 45 I). Some of the results of Section 1 answer the above question in the 
case of an algebra representation (cf. Propositions 1.1, 1.2, and 1.3 and 
Corollaries thereon), while Corollary 1.4(i, ii) answers this question also in 
case of a linear representation, covering in this way a situation parallel to the 
one treated irr [2]. 
A separately continuous algebra representation of a topological group 
appears (cf. Proposition 2.2) in the case of a tensor product algebra represen- 
tation (cf. definition in Section 4), the joint continuity of which is the object 
of Section 2 (Theorem 2.1-2.3). 
Section 3 deals with the possibility of extending a continuous algebra 
representation of a topological group to the completion of the algebra in 
general (Proposition 3.1), specializing then to a completed tensor product 
algebra (Corollary 3.1). 
Section 4 combines the results of Section 2 with those of Section 1 to 
obtain from a projective tensor product dynamical system the respective 
spectral and generalized spectral dynamical system (cf. [ 1,0.2, Sections 2 
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and 31) which is equivalent to, or respectively embeddable in general, into 
the Cartesian product of the corresponding spectral dynamical systems of the 
factors (cf. Theorem 4.1 and Corollary 4.1). 
As an application, Section 5 is dealt with a “topological algebra 
analogon” of the Bebutov-Kakutani’s theorem [ 111, while based on the 
standard decomposition Wc(G,A) = gc(G) 8, A (cf. [ 12, OS] or [5]) it also 
involves the results of Sections 2 and 3 of the present paper (Theorem 5.1). 
DEFINITIONS AND NOTATION 
A topological algebra A is an algebra (=associative, complex, linear 
algebra) and a Hausdorff topological vector space, such that ring 
multiplication is separately continuous. 
The spectrum of a topological algebra A is the set of all nonzero, 
continuous, scalar-valued morphisms (=characters) of A, denoted (if it is not 
empty) by IIIz(A) and carrying the relative topology from z(A) and the 
generalized spectrum of a topological algebra A, with respect to a given 
topological algebra B, is the set of all vector-valued characters of A to B, 
denoted by W(A, B) and carrying the relative topology from i/:(A, B) (cf. 
11LO.7, P. 7811, where s denotes the topology of simple convergence. If 
B = A, then IDz(A, A) is always # 0, of course. If A is a unital topological 
algebra, we assume that every element of W(A) is identity preserving and 
therefore nonzero. W(A, B) is locally equicontinuous (resp. locally bounded) 
if every element of it has an equicontinuous (resp. bounded) neighborhood. 
The generalized Gel’fand map @ of the topological algebra A, with respect 
to a topological algebra B, is defined by 
@: A I-+ V#JJI(A, B), B): x t, Q(x) := 2: !N(A, B) ++ B: h t--+ 2(h) := h(x), 
where c denotes the topology of compact convergence on the algebra of all 
continuous, B-valued mappings on W(A, B) (cf. [ 12,0.7, p. 78 1). 
By the term locally convex, Frt!chet, semi-Montel, Montel, Mackey, 
nuclear, barrelled (topological) algebra we mean that the underlying 
topological vector space A is such, respectively. A particular case of locally 
convex algebras, used in the following, are the locally m-convex ones [ 13 1. 
An m-barrefled algebra A is a (locally convex) topological algebra such that 
every m-barrel (i.e., absorbing, balanced, convex, idempotent and closed 
subset of it) is a O-neighborhood in A. An m-infrabarrelled algebra A, is a 
locally convex algebra such that every m-bornivorous, m-barrel is a O- 
neighborhood in A (cf. [ 12,0.2, p. 306]), where an m-bornivorous subset of 
A is a subset that absorbs every idempotent and bounded (=m-bounded) 
subset of it. 
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For topological tensor products of topological algebras we refer to 
] 12,0.4] and generally for more information on topological algebras to 
[ 12, 141. 
Now, let G be a group, A an algebra, r a representation (i.e., a morphism) 
of G into the multiplicative group of (algebra) automorphisms of A, together 
with a map 
A : G x A w A : (g, x) I-+ r(g)(x), 
which is an action of G on A (when no ambiguity arises, we write gx, instead 
of A( g, x)). In what follows, we shall call A an algebra representation of G 
on A. A complete analogy with the usual meaning of the term linear 
representation of G (cf., e.g., [4,0.2, Chap. VIII, Sect. 2, No. 1, Definition 1, 
p. 1281) suggests t be called an algebra representation of G on A. 
Nevertheless, since there is a bijection from actions to representations, this 
difference is without significance. 
If G is a topological group, A a topological algebra, and A is separately 
continuous (i.e., if each partial map A, : A h A: A,(x) := gx, for every g E G 
and each partial map A,: G t-+ A: A,(g) := gx, for every x E A, is 
continuous), then we call A a separately continuous algebra representation of
G on A. If A is jointly (i.e., in both variables) continuous, we call A a 
continuous algebra representation of G on A. Thus, a continuous algebra 
representation A of G on A defines a dynamical system (G, A, A) [ 11, or 
equivalently a transformation group [8] where each A,, g E G, is a 
topological algebra automorphism of A (which is identity preserving, if A is 
unital). The transition group T, i.e., the set of all A,, g E G, is considered as 
a subspace of VJI(A, A) and its closure T in 9$(A, A) is called the enveloping 
semigroup E(A) of A (cf. also [7,0.1, p. 151). Moreover, A is said to be 
bounded or equicontinuous if T is bounded in Y$(A, A) or equicontinuous. 
Finally, we recall that given two dynamical systems (Gi,Xi, A’), i = 1, 2, 
a morphism of dynamical systems is a pair (h, a), where h: G, t-+ G, is a 
(continuous) morphism between the (topological) groups G, and G, and 
u: X, +-+ X,, is a (continuous) mapping between (the topological spaces) X, 
and X,, “commuting with the actions.” This means that the diagram 
is commutative, i.e., u(A’(g, x)) =A’(h(g), U(X)). If Xi, i= I,2 are, e.g., 
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(topological) algebras, then we require u to be also a (continuous) morphism 
of algebras. If h and u are homeomorphisms, then (Gi, Xi, d’), i = 1,2 are 
equivalent. A subsystem of a dynamical system (G, X, A), is a dynamical 
system (G, Y, A/Y), where Y is a closed, invariant (i.e., A,(Y) = Y, g E G) 
subspace of X and d/Y the restriction of A to G x Y. The dynamical system 
(G, , X, , A’) is embeddable into the dynamical system (G,, X,, A’), if 
(G, , X, , A’) is equivalent to a dynamical subsystem of (G,, X2, A’). When 
G’ is a subgroup of G and (G, X, A) a dynamical system, then (G’, X, A/G’) 
is called a subgroup restriction of (G, X, A) where A/G’ is the restriction of A 
on G’ x X. 
Generally for notions on topological dynamics we refer to [S; 7,0.1]. 
1. SEPARATELY CONTINUOUS ALGEBRA REPRESENTATIONS 
In this section, we give sufficient conditions ensuring the continuity of a 
separately continuous algebra representation of a topological group G on a 
topological algebra A, in terms of conditions either on both G and A, or only 
on A. 
Thus we have: 
PROPOSITION 1.1. Let G be a topological group and A a topological 
algebra with locally equicontinuous generalized spectrum with respect to 
itselJ Then, a separately continuous algebra representation of G on A, is 
continuous. 
Proof: Clearly, every element of the transition group T then has an 
equicontinuous s-neighborhood. Let V be an equicontinuous s-neighborhood 
of the identity map in the transition group T. Then U = r-‘(V) is a 
neighborhood of the neutral element B in G, since the map 
r: G t-+ T: g F+ r(g) = A, is continuous (cf. [4,0.2, Remark 1, p. 1291). The 
assertion now follows from ([4,0.2, Remark 2, suffis. p. 129]), because 
7(U) = V and the proof is completed. 
COROLLARY 1.0. Let G be a topological group and A an m-barrelled 
locally m-convex algebra with locally bounded generalized spectrum !UI(A, A) 
with respect to itself. Then, every separately continuous algebra represen- 
tation of G on A is continuous. 
Proof. W(A, A) is locally equicontinuous (cf. [ 14, Proposition 3.1, 
p. 1761). 
COROLLARY 1.1. Let G be a topological group and A a semi-Monte1 
algebra with locally compact generalized spectrum !IJI(A, A) with respect to 
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itself and with the respective generalized Gel’fand map continuous. Then, a 
separately continuous algebra representation of G on A is continuous. 
Proof. For such an A, !JJI(A, A) is locally equicontinuous (cf. [ 1,0.2, 
Lemma 3.3; a generalization of [ 12,0.3, Theorem 3.1)). 
PROPOSITION 1.2. Let G be a locally compact group and A a topological 
algebra with continuous generalized Gel’fand map with respect to itself. 
Then, a separately continuous algebra representation of G on A is 
continuous. 
Proof Let U be a compact neighborhood of the neutral element 8 of G. 
Since the map t: G I-+ T: g E+ r(g) = A, is continuous, t(U) is a compact 
subset of YJI(A, A). Since the generalized Gel’fand map of A with respect to 
itself is continuous, it follows from [ 14, Theorem 4.1; a generalization of 
12,0.2, Theorem 3.11 that t(U) is equicontinuous and [4,0.2, Remark 2, 
suffrs. p. 1291 applies. 
For convenience and in analogy with [ 12,0.1, Definition 2.11, we call a 
topological algebra A self-spectrally barrelled, if the equicontinuous and the 
bounded subsets of ‘!UI(A, A) coincide. Clearly, every barrelled algebra is self- 
spectrally barrelled. Moreover (cf. [ 14, Corollary 4.1; a generalization of 
12,0.2, Corollary 3.11) every m-barrelled locally m-convex algebra is self- 
spectrally barrelled. 
COROLLARY 1.2. A separately continuous algebra representation of a 
1ocall.v compact group G on a self-spectrally barrelled algebra A is 
continuous. 
Proof Such an A has the generalized Gel’fand map with respect to itself 
continuous, since (cf. [ 14, Theorem 4.11) every compact subset of W(A, A) 
being bounded, it is equicontinuous. 
COROLLARY 1.3. A separately continuous algebra representation of a 
locally compact group G on a o-complete, m-infrabarrelled, locally m-convex 
algebra A is contnuous. 
Proof This is an immediate consequence of the following: 
LEMMA 1.1. For a o-complete locally convex algebra A, m- 
infrabarrelledness and m-barrelledness of the algebra are equivalent 
properties. 
Proof: Let A be m-infraberrelled. Since, by hypothesis, it is u-complete, it 
follows that each m-barrel in A being a barrel, it absorbs every bounded 
subset and thus, in particular, every m-bounded subset. So, A being m- 
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infrabarrelled, each m-barrel is a O-neighborhood, which completes the proof, 
since the converse holds generally true for every locally convex algebra. 
PROPOSITION 1.3. Let G be a first countable (i.e., metrizable) group and 
A a metrizable algebra whose generalized Gel’fand map with respect o itself 
is continuous. Then, a separately continuous algebra representation of G on 
A is continuous. 
Proof Let g, -+g and x,+x b e convergent sequences in G and A, 
respectively. We have to show that d(g,, x,) + d(g, x). Since A is separately 
continuous, the map r: G F+ T, : g t-+ A, is continuous. Thus, t( g,) p t(g). 
The set H consisting of the terms r( g,) := A,” and the limit t(g) := A, of the 
last convergent sequence is compact. By hypothesis on A, it is also equicon- 
tinuous. Thus the canonical map (cf. [4,0.1, Chap. 10, Corollary 4, p. 251) 
is continuous and consequently A,,(X~) := A( g,, x,) + A,(x) := A( g, x). This 
completes the proof. 
Clearly, if G is not locally compact, but first countable, with the 
additional hypothesis that A is metrizable, one obtains the analogon of 
Corollaries 1.2 and 1.3 in the present case. 
We proceed now to prove a result parallel to a theorem of Berglund and 
Hofmann (cf. [2, p. 45,4.5 I). 
Thus, let A,- be a locally convex algebra with topology a. Let A,,. be the 
algebra A with the a@, A’) topology. Then, as in [ 15,0.2, pp. 314-3 151, A,, 
is a Hausdorff locally convex algebra with separately continuous ring 
multiplication. 
PROPOSITION 1.4. Let G be a Jrst countable group and A a Monte1 
algebra. An algebra representation of G on A is separately continuous if and 
only ifit is weakly separately continuous. 
Proof: Let A, : G t-, A ,(‘ and A, : A,,. ti A,,,, be continuous. Since A is, by 
hypothesis, a Monte1 algebra, it is also a Mackey algebra. Thus, A,: A ++ A 
is continuous. 
Let g, + g be a convergent sequence in G. Then, A,( g,) + A,(g) in A ,,, by 
continuity of A, : G tt A,,. . Since the sequence of A,( g,) converges weakly to 
A,(g) and A is a Monte1 algebra, it follows that A,(g,) -+ A,(g) in A (cf. 
[ 10, Corollary of Proposition 2, p. 2321). Thus A, is a continuous map of G 
in A. 
The converse is obvious and the proof is completed. 
Combining the above proposition with the foregoing we obtain the 
following: 
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COROLLARY 1.4. Let G be a first countable group and A a Monte1 
algebra. If 
(i) A is metrizable, or 
(ii) A has locally compact generalized spectrum with respect o itself, 
or 
(iii) G is locally compact, 
then, an algebra representation of G on A is continuous, if and only if it is 
weakly separately continuous. 
Clearly, the conclusion of the above corollary is also valid for a linear 
representation of G on a Monte1 space A, under hypothesis (i) or (iii) and 
actually this remark is what is parallel to [2, p. 45,4.5], mentioned above. 
We conclude this section with a result independent of the subject in title, 
but including another important property of algebra representations of 
topological groups on Monte1 algebras. 
More precisely we have the following topological algebra analogon of a 
theorem of Ellis (cf. [7,0.2, Theorem 31). 
PROPOSITION 1.5. Let A be a continuous algebra representation of a 
topological group G on a Monte1 (resp. semi-Montel) algebra A with 
continuous ring multiplication. The enveloping semigroup E(A) of A is a 
compact opological group of automorphisms of A, fund only ifA is bounded 
(resp. equicontinuous). 
Proof. Since A is, by hypothesis, a Monte1 algebra, it is barrelled. Thus, 
the transition group T- (A,( g E G}, being bounded, is an equicontinuous 
subset of Y(A, A). It follows that the closure of T in &(A, A) coincides with 
the closure of T in Y@, A) and it is also an equicontinuous subset. On the 
other hand, by the continuity of the multiplication in A, every element of T is 
a multiplicative map, that is, Tr W(A, A). Furthermore, by the 
generalization of the Alaoglu-Bourbaki theorem (cf. [ 14, Theorem 3.1, 
p. 1751) it follows that T is compact. It remains to show that T is a 
topological group. First, T is a topological semigroup, since, in the 
semigroup i=, the multiplication (composition) is continuous (cf. [4,0.3, 
Chap. 3, Sect. 4, Corollary 1 of Proposition 91). Proving that 7 is closed 
under inversion (i.e., that T is a group), the assertion (i.e., that T is a 
topological group) will follow from [4,0.1, Chap. 10, Sect. 3, Corollary of 
Proposition lo]). Now, the last part of the proof of [7,0.2, Theorem 3, 
p. 1241 applies here too, ensuring that T is closed for the inversion and this 
completes the proof of the proposition. 
COROLLARY 1.5. Let A be a continuous algebra representation of the 
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topological group G on a Monte1 (resp. semi-Mantel) algebra A. Suppose A is 
bounded (resp. equicontinuous) and let 
d: E(A) x A h A: (u, x) H $u, x) := u(x). 
Then, b is a continuous algebra representation of the topological group E(A) 
on A. 
Proof. Clearly, d is an algebra representation of the compact topological 
group E(A) on A, which is continuous by (4, 0.1, Chap. 10, Sect. 2, NO. 1, 
Corollary 4 of Proposition 1 j. 
2. TENSOR PRODUCT ALGEBRA REPRESENTATIONS 
Separately continuous algebra representations of topological groups 
appear within the frame of topological tensor product algebra represen- 
tations, which constitute the subject matter of this section. 
Thus, let A’, i = 1,2, be algebra representations of the groups Gi OII the 
algebras Ai, i = 1,2, respectively. It is easy to check that the map 
k 
.- 
.- 2: gIXj@ S2Yj 
.i = 1 
is an algebra representation of the group G, x G, on the tensor product 
algebra A, @ A,, called the tensor product algebra representation of G, X G, 
on A, @AZ. 
The following proposition includes a “dynamical property” of the tensor 
product algebra representation, inherited from the factor representations: 
PROPOSITION 2.1. Let Ai, i = 1, 2, be two algebras with identity elements 
e,, i = 1, 2, respectively, and A’, i = 1, 2, two algebra representations of the 
groups Gi on the algebras Ai, i = 1, 2, respectively. If each A’, i = 1, 2, is 
eflective, then the tensor product algebra representation is also eflective. 
Proof: For g, E G,, g, # 8,) we have by hypothesis that g,x # x, for 
some xEA,, where ei, i = 1,2, is the neutral element of the group Gi, 
i = 1, 2, respectively. Then, gx @ e, # x @ e,, for every g E G, x G,, with 
g # (f?, , S,). In fact, if for every g E G, x G,, gx @ e, = x @ e,, it follows 
that g,x@g,e,=x@e,, or g,x@e,=x@e,. Then (g,x-x)@e,=O 
and since e, is a linearly independent vector, we conclude that g, x = x, a 
contradiction and the proposition is proved. 
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Remark. From the above proof it is clear that the conclusion holds true, 
if A, (resp. A,) only is unital and A2 (resp. A’) effective. 
The following proposition is the link between this and the preceding 
section. 
PROPOSITION 2.2. Let A’, i = 1, 2, be two separately continuous algebra 
representations of the topological groups Gi, on the locally convex algebras 
Air i = 1, 2, respectively. Then, the tensor product algebra representation d of 
G, x G, on A, @A, is separately continuous, when A, 0 A, carries the 
projective tensorial topology z 
Proof. For every g = (g, , g2) E G, x G, and every decomposable tensor 
x@yEA,@A,, we have 
A,,,(g) = rp 0 (A: xA:) (g>, 
where (o is the canonical bilinear map of A, x A, into A, 0, A *. Since the 
projective tensorial topology rc makes a, jointly continuous, (cf. [ 12,0.4, 
Propositions 3.3,3.4]), it follows that A,, is continuous for every x @ y E 
A, 0, A,, the Cartesian product Ai x A: of two continuous maps being a 
continuous map too. Since (p(A, X A,) spans A, @ A,, A, is continuous, for 
every z E A, @,A,. On the other hand, A, = A:, @ di, and thus A, is 
continuous, since the tensor product of the continuous A:,, A:, is a 
continuous map of A, 0, A, onto itself (cf. 19, Chap. I, Sect. 1, No. 2, 
p. 371). Therefore, the proof is completed. 
Remark. The proof of the above proposition remains valid if we replace 
the projective tensorial topology 7~ on A, @ A, with the biprojective tensorial 
topology E (cf. 19, Chap. I, Sect. 3, No. 3, pp. 89,92]), when, of course, 
A, 0, A, happens to be a topological algebra (cf. [ 12,0.4, pp. 27-28; 
12,0.5, Lemma 4.11, or [5, Theorem 31). 
To examine, now, the joint continuity of the tensor product algebra 
representation we need the following: 
LEMMA 2.1. Let Ai, Bi, i= 1, 2, be locally convex algebras and Ei, 
i = 1, 2, equicontinuous subsets of Hom(A,, Bi), i = 1, 2, respectively. Then 
E E E, @E, is an equicontinuous subset of Hom(A, 0, A,, B, 0, B,). 
Proof. We have to show that if W is a zero-neighborhood in B, 0, B,, 
then n,,, f -l(W) is a zero-neighborhood in A, 0, A,. W can be chosen 
from a fundamental system of zero-neighborhoods and such a system for 7[ is 
the collection of all subsets of the form k(V, @ V,), where k stands for the 
convex hull and Vi, i = 1,2, run over fundamental systems of convex and 
equilibrated zero-neighborhoods in Bi, i = 1, 2, respectively (cf. [ 12,0.4, 
Propositions 3.3 3.41). Thus we have to show that W’ E 
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fL .r’(k(V, 0 V*)) is a zero-neighborhood in A, 0, A,. Consider 
Vi E n,,,.iJm’(Vi), i = 1, 2. Since Ej, i = 1, 2, are equicontinuous, it follows 
that Vi are zero-neighborhoods in Ai, i = 1, 2, respectively. Now, by 
applying well-known properties of the inverse image, (convex) hull and inter- 
section operators, we conclude that k(V{ @ Vi) s W’, which finishes the 
proof of the lemma. 
THEOREM 2.1. Let A’, i = 1, 2, be two continuous algebra represen- 
tations of the locally compact groups Gi, on the locally convex algebras A,, 
i = 1, 2, respectively. Then, the tensor product algebra representation A of 
G, x G, on A, 0, A, is continuous. 
Proof: Let Ui, i = 1, 2, be two compact neighborhoods of the neutral 
elements of Gi, i = 1, 2, respectively. Then, it follows from (e.g., (3, 
3.2 Lemma, p. 16 ]) that the sets Ei = (A6,lg, E Vi}, i = 1, 2, are equicon- 
tinuous subsets of endomorphisms of Ai, i = 1, 2, respectively. Now, U, X U, 
is a (compact) neighborhood of the neutral element of G, x G,, whose image 
in the transition group is the set E, 0 E,, which by Lemma 2.1 is an 
equicontinuous subset of endomorphisms of A, 0, A,. Taking into 
consideration Proposition 2.2, the assertion follows from [4,0.2, Remark 2, 
suffis. p. 1291 and the proof of the theorem is completed. 
Remark. With the above hypotheses and the additional hypothesis that 
one of the Ai is nuclear (resp. that A, is metrizable and barrelled and A, 
metrizable), the conclusion holds true if A, @ A, carries the biprojective 
tensorial topology G (resp. the inductive tensorial topology i (cf. 19, Chap. I, 
p. 74, Definition 31)) because in this case E = rc (resp. i = 7~ (cf. [ 12,0.4, 
pp. 23 and 221; [lo, Theorem 1, p. 3571)). 
As another consequence of Lemma 2.1, one has the following theorem, 
concerning weakly locally equicontinuous algebra representations. This 
notion is a generalized analogon of the notion of an equicontinuous linear 
representation (cf. [4,0.2, Definition iii, p. 1291) and by this we mean a 
continuous algebra representation, in which every element of the transition 
group T has an equicontinuous neighborhood, T carrying the topology of 
simple convergence s. Note, also, that a separately continuous algebra 
representation A, in which every element A, has an equicontinuous s- 
neighborhood, is in fact continuous, as the proof of Proposition 1.1 shows. 
THEOREM 2.2. Let A’, i = 1,2, be two weakly locally equicontinuous 
algebra representations of the topological groups Gi on the locally convex 
algebras A i, i = 1, 2, respectively. Then, the tensor product algebra represen- 
tation of G, x G, on A, 0, A, is continuous. 
Proof Let t9 = (8,) 0,) be the neutral element of G, x Gz. By hypothesis, 
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there are equicontinuous neighborhoods Ui of the identity ABi in the tran- 
sition groups Ti = (A:, ] gi E Gi} considered with the topology of simple 
convergence s. Since the transition projections ri: G,. t-+ Ti: gi t-+ Ai, are 
continuous (cf. [4,0.2, Remark 1, p. 1291) it follows that r;‘(Ui) is a 
neighborhood of oi E Gi and thus V = t; ‘(U,) X 7; ‘(U,) is a neighborhood 
of 8EG,xG,. Considering, now, the transition projection 
s:G,xG,t+TS: (g,,g,)t-tAi,@A:,, we have that t(V)=U,@U,, 
which, by Lemma 2.1, is equicontinuous. The assertion now follows from 
(4,0.2, Remark 2, suffis., p. 129 1, taking into consideration Proposition 2.2 
and the proof is completed. 
COROLLARY 2.1. The projective tensor product algebra representation of 
two equicontinuous algebra representations is an equicontinuous algebra 
representation. 
Besides, we have the following: 
THEOREM 2.3. Let A’, i = 1, 2, be two continuous algebra representations 
of the first countable groups Gi on the metrizable locally convex algebras Ai, 
i = 1, 2, respectively. Then, the tensor product algebra representation of 
G, x G, on A, 0, A, is continuous. 
Proof. Clearly, the space (G, X G2) X (A, 0, AZ) is first countable and 
therefore a k-space. Thus, the tensor product algebra representation 
A: (G, x G,) x (A, 0, A,) t+ A, 0, A, is continuous if the motion 
projection ,u: A, 0, A, t--+ pc(G, x G,, A, 0, A,): z t-, A, is continuous (cf. 
[ 6, Corollary 3.2, p. 26 1 I), where, by Proposition 2.2, A, actually belongs to 
the algebra of all continuous functions of G, x G, to A, 0, A, and where c 
denotes the topology of compact convergence. Now, ,u is a morphism of the 
corresponding algebras, as it is easily checked and therefore in particular a 
linear map. From the universal property of the topology 71 (cf. [9, Chap. I, 
Sect. 1, NO. 1. p. 3 1 I), it follows that ,U is continuous if the bilinear map ,u o cp 
is continuous, where 9 denotes the canonical bilinear map. Let 
u: Pc(G, x G,, A, x A,) 
which is continuous (cf. (6, 2.1, p. 2591) and consider the Cartesian product 
algebra representation 
A’:(G,xG,)x(A,xA,) 
++ A 1 x A, : A’((g, 3 gd, k Y>) := (g,x, g,y). 
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Then, A’ is continuous (cf. 18, 1.48, Definition]) and therefore the same is 
true for the respective motion projection 
p’:A, xA,b-+‘<(G, x G,, A, xA,): (x,y)++A’(x,y) 
(cf. 16, 3.1(l), Theorem p. 261 I). The commutativity of the diagram 
A,xA,t w ‘A,@A, 
7r 
I u’ I u 
Vc(G, x G,, A, x AJ t-2-4 gC G, x G,,A, @A, II 
implies that u o ,u’ = p o (D, which proves the assertion and the proof is com- 
pleted. 
Remark. With the above hypotheses and the additional hypothesis that 
one of the Ai is barrelled (resp. nuclear), the conclusion holds true if A, 0 A, 
carries the inductive tensorial topology i (resp. the biprojective tensorial 
topology E) because in this case i z 7c (resp. E = n) (cf. the Remark on 
Theorem 2.1). 
The dynamical system (G, X G,, A, 0, A,, A) defined by a continuous 
tensor product algebra representation A of G, x G, on A, 0, A,, is called 
the projective tensor product dynamical system. 
3. ALGEBRA REPRESENTATION ON THE COMPLETION 
OF A TOPOLOGICAL ALGEBRA 
Let A be a continuous algebra representation of the topological group G 
on the topological algebra A with continuous ring multiplication. The 
completion A’ of A (i.e., the completion of the underlying topological vector 
space) is a topological algebra (with continuous ring multiplication) (cf. 
[4,0.1, Chap. 3, Sect. 6, Theorem 1). Let F be the set of the uniformly 
continuous extensions of the maps A,, g E G. Then F is a group of 
automorphisms of a and thus the map 
d: Gx/it-+k~(g,x):=d,(x), 
where ap is the extension of A,, is an algebra representation of G on A 
called the extension of A on a. 
Given a continuous algebra representation A of G on A, as above, ais not 
in general continuous. What we can say is that each A,, g E G, is 
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continuous and each d^, for every x E A sAa, is continuous coinciding with 
A, (and this is true even for a separately continuous A). However, if G is 
locally compact, then d is certainly continuous (cf. [3, 3.2 Lemma]; [4,0.1, 
Chap. 10, Sect. 2, No. 2. Proposition 41). Besides, concerning the continuity 
of d^ we also have the following: 
PROPOSITION 3.1. Let A be a continuous algebra representation of a first 
countable group G on a metrizable algebra A with continuous ring 
multiplication and continuous generalized Gel’fand map with respect o itself. 
Then, the extension dof A is continuous. 
Proof. Let g, 
^ 
-+g, E G and x,-+x,, E A. Then, we have to show that 
d( g,, xn) + d^( g,, x0). The sequence of A,” converges simply to A,, and let 
H = (A,“ln = 0, 1, 2 ,... }. H is then a compact subset of YJI(A, A) and 
therefore it is equicontinuous, since A has the generalized Gel’fand map with 
respect to itself continuous. Let I? be the set {ap,j n = 0, 1,2,...}. Then, I? is 
also equicontinuous (cf. [4,0.1, Chap. 10, Sect. 2, No. 2, Proposition 41) and 
thus the canonical map 
A.7 x a I-+ a: (u, x) I-+ u(x) 
is continuous at (Ano, x0) (cf. [4,0.1, Chap. 10, Corollary 4, p. 251) where s 
denotes the topology of simple convergence, as usual. The sequence of aPn 
converges to a,+,, if we consider A with the topology of simple convergence s 
on the finite subsets of A because then a,(x) = Ag,(x), for every x E A. Since 
A is dense in a, it follows that aRn + A,, also for the topology of simple 
convergence s on the finite subsets of d because I? is equicontinuous and the 
above two topologies coincide on it (cf. [4,0.1, Chap. 10, Sect. 2, No. 4, 
Theorem 1 I). Thus, an,(x,J := a( g,, x,) -+ d&x,) := a( g,, x0), which 
completes the proof of the proposition. 
Thus, if, e.g., A is a metrizable, self-spectrally barrelled algebra with 
continuous ring multiplication or, in particular, a metrizable, m-barrelled, 
locally m-convex algebra, the conclusion of the above proposition holds true 
since then the generalized Gel’fand map of such an A with respect to itself is 
continuous. 
Now to apply the above to tensor product algebra representations, we 
need the following: 
LEMMA 3.1. The projective tensor product of two unital m-barrelled 
locally convex algebras, Ai, i = 1,2, is an algebra of the same kind. 
Proof. Let B be an m-barrel in A, 0, A, and consider the maps 
pe2 : A I F-+ A I @ A, : q,,(x) := x 0 e,, 
?I 
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where ei, i = 1,2, are the identity elements of Ai, i = 1,2, respectively. The 
maps (o,~, i = I,2 are continuous morphisms of the corresponding algebras 
and therefore the sets U = (o&‘(B) and V= p;‘(B) are m-barrels in A, and 
A,, respectively. By hypothesis, U and V are then zero-neighborhoods. The 
relation 
shows that U @ V 2 B, so that k(U 0 V) E B, where, as usual, k denotes the 
convex hull. Therefore, B is a zero-neighborhood in A, 0, A, and the proof 
of the lemma is finished. 
COROLLARY 3.1. Let A’, i = 1,2, be continuous algebra representations 
of the first countable groups Gi on the unital, metrizable, m-barrelled, locally 
m-convex algebras A i, respectively. Then, the extension a of the tensor 
product algebra representation A of G, x G, on A, 0, A, is continuous. 
ProojI Theorem 2.3, Lemma 3.1, and Proposition 3.1. 
If a continuous tensor product algebra representation A has a continuous 
extension A, the dynamical system (G, x G,, A, 6, A,, a) it defines is 
called the completed projective tensor product dynamical system. We 
conclude this section with the following lemma, which we need later. 
LEMMA 3.2. Let A, A’ be two continuous algebra representations of the 
topological groups G, G’ on the topological algebras A, A’, respectively. Let 
(h, o) be a morphism of the dynamical system (G, A, A) into (G’, A’, A’) and 
suppose that A, A’ have continuous extensions a and 6’. If u is extended to 
a continuous map 6: A- F+ A-‘, then (h, 8) too commutes with the actions. 
Proof We have, for x E a, that c@( g, x)) = @,(lim xj)) = 
a^(lim A,(Xj)) = lim o(A,(xj)) = lim A_b,(uj(x)), where g’ = h(g). On the other 
hand, Ai, (6(x)) = A;,(o^(lim xj)) = Ab,(lim a(~~)) = lim A~,(u(xj)). 
4. TENSOR PRODUCT ALGEBRA REPRESENTATIONS AND SPECTRA 
Given a separately continuous linear representation of the topological 
group G on the locally convex space A, [4,0.2] obtains, by transposition, the 
so-called contragradient linear representation of G on the dual space A’, of A, 
which is separately continuous (cf. [4, 0.2, p. 13 1, Proposition 31). 
In [ 1, 021, given a continuous algebra representation A of the topological 
group G on the topological algebra A, we obtain the so-called there spectral 
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dynamical system (G, m(A), 6), where &the restriction of the 
contragradient representation to %JI(A)--is continuous, under a suitable 
condition on IuI(A) (cf. [ 1,0.2, Theorem 2.11). The notion of the generalized 
transposed map (cf. [ 12,0.6, Lemma 1.11) is then used to obtain from A, the 
generalized spectral dynamical system (G, YJI(A, B), 8) on the generalized 
spectrum YJI(A, B) of A with respect o a given topological algebra B, where, 
again by 6, we denote the action of G on W(A, B), which is continuous 
under the same condition on 9JI(A, B) (cf. below). 
Here, now, combining the above-cited results with those of Section 2, we 
get the following: 
THEOREM 4.1. Let Gt, i = 1, 2, be topological groups and A i locally 
convex algebras with identity element ei and locally equicontinuous 
generalized spectrum !UI(A,, B), where B is a unital locally convex algebra 
with continuous ring multiplication. Let moreover A’ be two cotinuous 
algebra representations of Gi on Ai respectively and suppose that the tensor 
product algebra representation A of G, x G, on A, 0, A, is continuous (cf. 
Section 2). Then, from A we obtain the projective tensor product generalized 
spectral dynamical system (G, x G,, W(A, 0, A,, B)6), which is embed- 
dable in the Cartesian product dynamical system of the generalized spectral 
dynamical systems (Gi, YJI(Ai, B), S’), i= 1, 2. 
Proof. Since local equicontinuity of 9R(Ai, B), i = 1, 2, implies local 
equicontinuity of !DI(A, 0, A,, B) (cf. [ 12,0.7, Lemma 3.1, p. 79]), 
Theorem 3.1 of [ 1,0.2] shows that from A’, i = 1,2, and A one obtains the 
generalized spectral dynamical systems (Gi, ~(Ai, B), a’), i = 1,2, and 
(G, x G,, m(A,O,A,,B),4, respectively. From [ 12,0.7, Theorem 2.2, 
p. 781 it follows that there is a homeomorphism w of YJI(A, 0, A,, B) onto 
the subspace 
Q= (fi,fJE TA,,B) x fhR(A,,B)lf,(x)f,(y)=f,(y)f,(x), 
I 
(x,y)EA, @A, 
% 1 
of YJI(A,, B) x !UI(A,, B). Thus, we have to show that w commutes with the 
actions and that Q is a closed invariant by the action subspace of 
!JJI(A,, B) x W(A,, B). Therefore, we have first to show that 
w(J( g, h)) = S’( g, v(h)), (4.1) 
whereg=(g,,g,)EG,xG,, hEW(A,@,A,,B), 6(g,h)=gh:=hoA,ml 
(cf. [l, 0.1, Theorem 5.4]), 6’ is the Cartesian product action of a’, i = 1,2 
409/77/l Iti 
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(cf. [S, 1.48J), 6’(g,,fi)-gifi:=fiod:r1 (cf. [l,O.l]) and w: 
9J&4,@,A,,B) I-+ ~JI(A,,B) x m(A,,B): h t+ v(h)= (h,,h,), with 
h,(x) := h(x @ e,), h2(y) := h(e, my), Vx E A,, y E A, (cf. [ 14, p. 1781). In 
fact S’( g, v(h)) E gv(h) := (g, h, , g,hZ). On the other hand, w( gh) = 
(h’, , hi), where h\(x) := gh(x @ ez) = h( g, x @ e,), h;(y) :=gh(e, @ y) = 
Me, 0 iw). Thus g,h,(x)=h,(g,x)=h(g,xOe,) and g,&(y)= 
h2( g,y) := h(e, 0 g,y), which proves (4.1). 
To show, now, that Q is closed, we remark that 
Let (x,,,y,)EA, xA,. Then, the set ((f,,fi)EIIJ1(A,,B)x~(A,,B)I 
f,(x,) f2(y,) =f,(y,) j-,(x,)} is closed: If m denotes the continuous ring 
multiplication of B, then we have 
m 0 PO xPoXfi~fJ = 4Wd~ Ao(fJ> = m(f,b.J~h(y,>> 
=ficm2(Yo) =f*(Y,lf,(%) 
= WXh>~fiW) = mCv^dfA &(A)> 
= m 0 0% X &)(f2~fJ 
= m 0 (9, X 4) 0 o(f, 9 fh 
with c the homeomorphism of a@,, B) X !LR(A,, B) onto W(A,, B) X 
‘9JI(A i , B): a(f, , fi) := (fi, f,) and A!,, and 9, the (continuous) generalized 
Gel’fand transforms of x,, and y, (cf. [ 12, 0.7, p. 781) and the assertion 
follows, e.g., from [6, p. 140, 1.5(l)]. ’ 
Therefore Q, being the intersection of closed sets, is closed. 
It remains, now, to show that ~3; (Q) = Q, for every g E G, x Gz, or 
equivalently that S;(Q) c Q. Thus, we have (g, , g?) (f, , fi) := ( g,fi, g,J,) 
and g,f,(x) g,f,(y) =fi(g,x)f,(g,y) =fi(gzy)fl(g,x) =g2f2(y) slfi(x)9 
since (f, , fi) E Q, which proves the assertion and the proof of the theorem is 
completed. 
COROLLARY 4.1. If B is commutative (in particular if B = C), then the 
dynamical systems (G, x G,, IDz(A, 0, A *, B), S) and (G, x G,, YJI(A, , B) x 
!UI(A,, B), 6’) are equivalent. 
Proof: In this case, the homeomorphism v is an onto mapping (cf. 
[ 12,0.7 Theorem 2.21) and the proof is finished. 
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5. AN APPLICATION 
Below, by the term generalized shift dynamical system, we mean a 
dynamical system, the phase space of which is a function space on a 
topological group G, on which G acts continuously by translation of 
functions. 
We state and prove the following theorem, the first part of which is a 
topological algebra analogon of the Bebutov-Kakutani theorem (cf. e.g., [ 11, 
Theorem 11) in the sense that it determines dynamical systems (G,A, A), 
which are representable as a generalized shift dynamical system. 
THEOREM 5.1. Every dynamical system (G, A, A”), where A” is a 
continuous algebra representation of a locally compact, o-compact group G, 
on a Frtkhet algebra A, is embeddable into a generalized shift dynamical 
system. In particular for a Frechet nuclear algebra A, the above generalized 
shift dynamical system is equivalent o a subgroup restriction of a completed 
projective tensor product dynamical system. 
ProoJ Consider the algebra g(G, A) of all continuous functions on G to 
A. ‘V(G, A), with the topology c of compact convergence, is a complete, 
metrizable algebra (cf. e.g., [ 12,0.5, Lemma 4.1; 6, p. 248, 9.2, p. 272, 8.51). 
Furthermore the map 
is a continuous (cf. [8, 1.631) algebra representation of G on gc(G, A), as it 
is easy to check and thus (G, gc(G, A), A*) is a generalized shift dynamical 
system. The motion projection of the dynamical system (G, A, A”), i.e., the 
map 
y: x t-i /L(X) := A; 
is a one-to-one map of the topological algebra A into Vc(G, A) (cf. 
18, 1.10(3)]). M oreover, ,U is a continuous (cf. [6, p. 261, Theorem 3.1(l)]) 
morphism of algebras, as straightforward computations show. It follows that 
the image of ,u, i.e., the motion space M of (G, A, A”) is a subalgebra of the 
algebra g=(G, A). We now have to show that A4 is a closed, invariant 
subalgebra of qc(G, A) and that fi is an isomorphism of A and M. To prove 
the invariance of M, let AZ(g) = x’, for g E G and A: E M. Then, gA,N = AZ,. 
In fact gAz( g’) := A:( g’g) = (g’g)x = g’( gx) = g’x’ = A:‘,( g’). Thus, 
A,*(M) c_ M and therefore A,*(M) = A4, since the inclusion MS Am is 
always valid, for every g E G. To prove that A4 is closed, let A’Ji -+ rp. Then, 
cp E M. In fact, since Ati converges in the topology of compact convergence, 
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it also converges in the topology of simple convergence. Thus, for g E G, we 
have that d&(g) + v(g), or d;(xJ -+ p(g). Since Ai is an onto map and 
a> EA, it follows that there is an x E A: A;(x) = p(g). Thus, 
Ai + A:(x) and since A,” is a homeomorphism, we also have xi -+ x. Since 
A is Hausdorff, it follows that x is uniquely defined for every g E G. Thus, 
we obtain q(g) = A:( g), for every g E G and consequently u, = A,” E M. 
Finally, from the open mapping theorem (cf. e.g., [ 10, p. 307, 
Proposition 12]), one concludes that p is an isomorphism of A onto M and 
the first assertion is proved, since ,U commutes with the actions, as one easily 
checks. 
To prove the second assertion, we first note that translation of functions of 
Vc(G) by the elements of G gives a continuous algebra representation A’ of 
G, also on the algebra gc(G). Then, applying Theorem 2.1 to A’ and A” we 
obtain a continuous tensor product algebra representation A of G x G on 
gc(G) @,A. Since G is a hemicompact k-space (cf. [ 13, p. 251; [6, p. 248, 
9.3]), %JG) is a Frechet locally convex algebra (cf. [ 150.1, Theorem 2 ]) 
and, by hypothesis, the same is true for A. Thus, both VJG) and A are 
locally convex algebras with continuous ring multiplication (cf. [ 12,0.4, 
p. 521). Consequently, since G x G is locally compact, A has (cf. the 
comments preceding Proposition 3.1) a continuous extension a on the 
completion gc(G) &,,A of the locally convex algebra Vc(G) @,A, in which 
ring multiplication is continuous (cf. [ 12,0.7, p. 771). Moreover, again by 
hypothesis on A, we have g=(G) 0, A = gc(G) 0, A (cf. [ 12,0.4, p. 23 ]) and 
thus (cf. [ 12,0.5, Lemma 4.11 or 15, Theorem 31) 
<gc(G) @ A = g.(G, A), (5.1) 
R 
within an isomorphism of topological algebras. 
Consider, now, the subgroup restriction (cf. [8, 1.32 Definition]) (G x {8), 
qc(G) &,, A, 4 of the completed biprojective tensor product dynamical 
system (G x G, gc(G) 6, A, a>, w h ere B is the neutral element of G. Then, 
G x (8) = G, within an isomorphism of topological groups. It remains to 
show that the pair of the above two isomorphisms is an isomorphism of the 
respective dynamical systems, i.e., that it commutes with the actions. By 
Lemma 3.2 we have to show that 
because the isomorphism (5.1) is the extension of the embedding 
u: gc(G) @ A E+ Fc(G, A): u 
7z 
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where qa( g) = rp( g)a and because Im(a) is a dense subalgebra of @JG, A) 
(cf. 15, Theorem 3]), invariant by A*, since A:(cpa) = AL(p Thus, 
On the other hand 
i ( 
CJ C&4 
= u 
( 
$, Vi@ ui)) (8') 
( 
n 
1 gfpi@Bn,)) (g’)=(u ( $I @imu,)) (6) 
i=l 
= 5 (PPi>(g’bi = 5 ‘Pi(g’&Tbi 
i=l i=l 
and the assertion is proved. Therefore, the proof of the theorem is completed. 
Note that the appearance, above, only of the trivial part 8ui = Ui of the 
action A” of G on A is to be expected, because A is the rest set of 
(G, gC(G, A), A*), being isomorphic with the constant functions on G. 
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